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1 Introduction 



In recent years, normal coordinate expansions in superspace have been used for a 
variety of purposes. McArthur extending to superspace Spivak's ordinary space 
discussion , has given a general expansion of the vielbein and connection for four- 
dimensional supergravity (expanding with respect to both the bosonic and fermionic 
coordinates) and has used it for computing super-64 coefficients . Atick and Dhar 
[^] have used normal coordinate methods to obtain an expansion with respect to the 
fermionic 9 coordinates for the Green-Schwarz superstring action in the background 
of 10- dimensional supergravity. This expansion was subsequently used for studying 
properties of the corresponding a-model action and for computing /5-functions 
[^]. In the present work we consider another application. 

For many years, one small bone sticking in the collective throat of superspace 
practitioners has been the inability to derive by purely superspace methods the 
so-called density formula — the expression which starting from a superspace super- 
gravity or matter-supergravity action of the form 

S = [ (fxd^OE-^C ill) 



gives the corresponding component action. Here E = sdetEj^'^ is the vielbein deter- 
minant. To obtain the component action various techniques have been used on an 
ad hoc basis: a Noether-like procedure which starts with the knowledge of one term 
in the component action and obtains the rest by (local) supersymmetry transforma- 
tions 1^; by explicit (covariant) 9 expansions or some other ingenious acrobatics 
relying in part on explicit Wess-Zumino gauge information 0. A special case, that 
of (2,2) supergravity was recently treated by purely superspace methods |TD[, but 



again relying on some specific properties of the system. Recently, Gates [1^ has 
proposed a method for obtaining locally supersymmetric component actions by con- 
siderations involving the topology of superspace. A variant of that method, as well 
as a brief account of the present work, can be found in |jl2| . 



The idea of using normal coordinate expansions is simple: one way to obtain a 
component action in terms of the superspace action is to just expand the latter in 
powers of the Grassmann coordinates 6'", and simply do the 6'- integration. How- 
ever, in this primitive form, one is led in general to noncovariant results, and field 
redefinitions are needed to recast them in terms of (component supergravity) co- 
variant objects. A normal coordinate expansion with respect to suitable fermionic 
variables can obviate this problem because it leads in general to covariant expres- 
sions. As mentioned above, McArthur has given a normal coordinate expansion 
of the vielbein. However, he expands Ej^{x,6) with respect to both bosonic and 
fermionic coordinates around the point x = 0, ^ = and therefore his expansion 
is not suitable for our purpose. In their work on the expansion of the superstring 
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action [^], Atick and Dhar considered 9 expansions leading to covariant expressions 
which were sufficient for their, and subsequent, purposes, namely expansions for the 
quantity V^^ = diZ^^E^f as well as various covariant field strengths. It was not 
necessary to separately expand the vielbein itself. However, their procedure can be 
easily adapted for the case at hand and leads to a suitable expansion of the vielbein 
and hence of the vielbein determinant, and a purely superspace derivation of the 
component density formula. 

The outline of our paper is as follows: In section 2 we present the modified ex- 
pansion of the inverse vielbein Em^{x, 9) with respect to normal coordinates around 
any point, although in the applications we will generally expand only with respect 
to fermionic normal coordinates. Because of the Grassmann nature of these co- 
ordinates, the expansion cuts off after a finite number of terms. The subsequent 
sections apply the general formalism to several specific examples: two-dimensional 
(1, 0), (1, 1) and (2, 0) supergravity, and four-dimensional = 1 minimal supergrav- 
ity. Other cases can be treated straightforwardly. We observe that as the number of 
supersymmetries, and therefore the number of spinor coordinates, increases, so does 
the order of the normal coordinate expansion, leading to some algebraic complexity. 
Thus, for example, for N = 1 supergravity in four-dimensions one would a priori 
need to expand to fourth (and to some extent, fifth) order. We avoid this, in section 
7, by expanding in two steps: ffist with respect to (dotted) spinor variables only 
(requiring only second order expansion), leading to the familiar reduction of the full 
superspace integral to a chiral integral, and then again with respect to the remaining 
spinor coordinates (requiring again only second order expansion). This procedure 
is ffist illustrated in section 6 for the simpler case of (2, 0) supergravity. Section 8 
contains our conclusions. The constraints for the various supergravity theories are 
given in the Appendix. 



2 Normal Coordinate Expansion 

Our procedure is straightforward and basically not different from that in ref. |^: 
we parametrize superspace by coordinates (x'",?/") where the describe a tangent 
vector in a fermionic direction at a point with coordinates (x'",0). (Generically we 
use lower-case Greek letters for both dotted and undotted spinor indices, wherever no 
distinction needs to be made.) More precisely, we choose the origin of our normal 
coordinate system to be an arbitrary point with coordinates = {z'^,z'^). We 
parametrize a neighbourhood of the origin by normal coordinates = {y°',y°'). 
The point with coordinates y"^ is reached by parallel transport from the origin. 
Eventually we identify z"^ = x"^ and y" = 9°" and then set z'^ = y"" = 0. The normal 
coordinate expansion that we use gives the vielbein in Wess-Zumino gauge, as can 
be seen by examining its components and their spinor derivatives. WZ gauge for 
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the supergravity fields is completely equivalent to this normal coordinate expansion. 
The superspace action can then be written in the form 



and after expansion in powers of y", the fermionic integration is trivial, using the 
basic Grassmann integration rule / dyaV^ = d^P or just picking out the highest- 
order terms in E~^C. The expansion of automatically gives the usual factor of 

More generally, we expand with respect to some subset of the coordinates: We 
first divide the coordinates into sets (2;*, z^) and (7/*, y^). After using the algorithm we 
set = y"^ = (in fact the 2;*' can be set equal to some arbitrary constants) and use 
{z\y^) as a new coordinate system. The surviving y's are the normal-gauge- fixed 
coordinates, while the remaining z^s are still arbitrary coordinates. Such gauges 
are useful, e.g., for "compactification" , where expansions are made in some of the 
coordinates, while coordinate invariance is still desired in the remaining coordinates. 
The most familiar case is that of Riemann normal coordinates, where we set all the 
z's to vanish, and keep all the y's as our new coordinates. A more relevant example is 
Gaussian normal coordinates, where we choose y to be a single timelike coordinate, 
and z the spacehke coordinates, by setting z^ — y'^ — 0. This construction then gives 
the timelike gauge gmo — Vmo, fixing the time coordinate while leaving the space 
coordinates arbitrary. For covariant component expansions in supersymmetry, the 
idea is to fix the fermionic coordinates, while maintaining coordinate invariance in 
the bosonic coordinates. 

Superspace integrations are often performed over "subsuperspaces" parametrized 
by the usual spacetime coordinates plus a subset of fermionic coordinates, for ex- 
ample (anti)chiral superspace ior D = 4, N = 1. In such cases normal coordinate 
expansions can be used (1) to reduce a full superspace action, e.g. / d'^x d^9 E~^C 
to a subsuperspace action, e.g. / d'^x d^6 8~^Cch , and (2) to derive the component 
expansion of the subsuperspace action e.g. / d^xe~^L . In fact, these are the two 
steps we use in practice to evaluate the component expansion of a full superspace 
action. We can interpret the chiral integral as being obtained from the full integral 
by expanding (and integrating over) only with respect to the 9°". (Of course, in any 
situation coordinates can be integrated out one at a time, but the result will not 
always be simple. The reduction produces a manifestly covariant result only when 
scalars, e.g. chiral scalars in curved D = A, N = 1 superspace, can be defined on 
such subsuperspaces.) The procedure in both steps is the same; the only difference 
is the choices of the various sets of coordinates (z's and y's). For our chiral super- 
space example, which we will discuss in more detail below, the first step expands 
with respect to dividing up the superspace coordinates as (2;™, 2;^; y"), while the 
second step expands with respect to 6'", dividing up the coordinates as [z^ ,z^]y"). 




(2.1) 
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(A familiar analogue is Euler angles, coordinates for SU(2) group space defined by a 
succession of rotations through each angular coordinate.) Of course, performing the 
steps in succession, rather than all at once, produces a different coordinate choice 
since the covariant derivatives that enter in the parallel transport do not commute 
(even in flat superspace), so the expression for the component lagrangian may differ 
by a total derivative, although the component action is the same. 

The point with coordinates (y", y") is obtained by an active coordinate trans- 
formation — parallel transport — from the point with coordinate {z^,z^). In 
particular, under such a transformation, the superspace covariant derivative 

Wa = EI'Dm + ujaM (2.2) 

with Dm = {dm, D^) and ujaM = lj^^'-^M^^, M a Lorentz generator, transforms in 
standard fashion as 

Va e^-^VAe"^-^ (2.3) 
with ?/ ■ V = v^Vb and = Ej^fy^^. InfinitesimallyQ this gives 

6Va = [y'^Vs, Va] = z/^(T5a''Vc + RbaM) - {V Ay'')^ s (2.4) 

Here and Rba are the torsion and curvature respectively, defined by {Va, Vb] = 
Tab^c + RabM and RabM = R^^^Mjf . Under the coordinate transformation 
tensors undergo the variation 

5r = yWr (2.5) 

Since by definition of normal coordinates the tangent vector y^ is parallel trans- 
ported, we have 

5/ = 5(y . V) = (2.6) 

From the infinitesimal variation of the covariant derivative we deduce the corre- 
sponding variations of the vielbein and connection: 

Ef6E,f = VaV^ - y'^TcA^ 

EfdujM = y'^RsA (2.7) 



The finite transformation corresponding to (|2.3| ) is obtained by iteration. For 
this purpose it is most convenient to consider the variation of the differential forms 
rather than the covariant derivatives. Thus, with the definition 

= dz^ E^ , u;^^ = dz^ujMB (2.8) 

^ One normally introduces an affine parameter and considers expansions in powers of t, with 
the affine parameter being set to unity, t = 1, at the end of the calculation. We dispense with 
introducing it explicitly. 
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we deduce from {\i.7\), 

SE^ = Dy^ + y'^E^T^c^ (2.9) 
where the covariant differential is 

Dy^ ^ E^VbV^ = dy^ - y^c/ = dy^ - y^E^Ucs'' (2.10) 
From the variation of the connection we also obtain 

= -y^E V^DCB^ (2.11) 
These equations are, of course, essentially identical to those of ref. 0]. 
In general, we evaluate the transformed vielbein 

E'^iz;y) = E^ + 6E^ + ^6'E'' + y'E^ + 

= E''{z)FB^ + {Dy'')GB^ (2.12) 

where F and G depend explicitly on T and R and their covariant derivatives, and 
on y. The procedure is now straightforward; higher order terms in the expansion are 
obtained by iterating the variations in (|2.5|, ^.9|, ^.11|). Thus, the second variation is 



5'E^ = -y^EVRnJ + y^E^y'^'^nT.c'' 

+y''{Dy^ + i/^i5;^r^/)r^/ (2.13) 



and the third is 



5'E^ = -y^{Dy^ + y^E^TGF'')y'^RcBD^ -y^EW^pRcBD^ 

+y^(Dy^ + y^E^ToFV^nTsc'' + VV^^V^T^c^ 
-y^y''E^y''REFD''Tnc^ + y^' Dy^y^V nTsc'' 
+y^y^{Dy^ + i/^i^;^T^^^)r^a^T5c^ 

+y'^y^E^y^{VETDF'')TBc^ + y^'y^ E^ToF^'y^'iV eTbc^) (2.14) 
The fourth variation is: 

5'E^ = y^^y'^E^y^RaFES^'RcBD^ - y'^Dy^y^y'^V fRcbd^ 
-y^y^iDy^ + y''E<'TaH^)TFF''y^'RcBD^ 
-y^y^E^y\VFTcF'')y''RcBD^ - y^'y' E^TaF''y''y''V hRcbd'' 
-y^{Dy^ + y^E<'TaF'')y''y'^VFRcBD^ 
-y'^E^y^S^'^F^FRcBD^ 
-y^^y^^E^y^RoFES^'^DTBc'' + 

+y V(^Z/^ + y''E^Tuo'')TFFS''^DTBC^ 
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+y'\/E^TnF''y''y''VcNDTBc^ 
+y^{Dy^ + y^E^ToFVy'^^EVnTsc^ 

+y^E^y^y^y^VFVEVnTBc^ 
-yViDy^ + y''E^THG^)y^REFD'Tsc^ 
-yVEVy''i'^GREFD^)TBc^ 
-yVE^y''REFD^y''VGTBc^ 
-y y E y Rgfe y ^ dTbc 
+y''Dy^y''y^VEVDTBC^ 
-y'^y'^y^EVRnGF^'TnE^TBG'' 
+y''y^Dy%'^{VETDF^)TBc^ + TuF^y'^V eTbc^] 
+y''y''y''{Dy^ + y^E^TB^TEE^'TnG^TBG^ 
+y''y''y''E%"{VHTFE'')TDG^TBc^ + TEE^'y^'iV hTdg^)Tbg^ 
+ TEE^'TnG^y^iVnTBc'')] 

+y''y'E^yS%^G^FTFyF^)TBG^ 
^y%^E%\^ETnF'')y''^GTBc^ 
+y'^y^{Dy^ + |/^S^T^G^)rz,^^y^V^rBC^ 
+y''y^E^y''{VGTnF'')y^VETBc^ 

+y''y^E''TnF''y''y''^G^ETBG^ (2.15) 

(In the third and fourth variations, we have not collected like terms, for ease of 
comparison.) 

For an action integrated with d^y one needs in fact the variation up to S'^'^^ 
because it also gives rise to terms proportional to y^ (times Dy). However, to obtain 
the relevant terms in 6^~^^E^ for example, one needs only to make two changes on 
the right hand side of 6^E^ : first, one replaces the E'-^ factors by Dy"-^ , and second, 
for the terms proportional to Dy, one replaces the tensor T appearing in such terms, 
by 5T — y ■ VT. There is then no actual need to work out the variation beyond 
S^'E^. 

Quite generally, the algorithm can be used for any division of z'^ and y^ into 
complementary sets. The procedure applies for expansion about any subset of the 
coordinates; only the range of the indices changes. However, to simplify notation 
we will use indices corresponding to the special case of expansion of the full super- 
space over all the fermionic coordinates, with the understanding that appropriate 
modifications can be made for other cases. Thus, we proceed as follows: 

• On the right hand side all quantities are evaluated at the origin of the normal 
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coordinates, chosen as z 



M _ 



(2;™',0) (and with dz^ = 0). In particular 



^^(^"^,0) 



dz''Ej{z"',0) 

f dz'^e„"(z'") 
j -dz"?/^„"(z'^) 



(2.16) 



Here e„" is the component vielbein and ipn"' the gravitino field. The minus sign 
arises because we usually define the gravitino from the inverse, Ec"\ = ip^'^, 
c.f. ref. §, eq. (5.6.6). 

• We specialize y"^ to be purely spinorial, (0, y°') (and also dy"- = 0). We observe 
that splitting up the covariant differential Dy"" into an ordinary differential 
dy°' and a connection term, c.f. (|2.10|) , introduces the latter explicitly as a 
noncovariant dependence in the normal coordinate expansion. However, in 
any Lorentz invariant quantity, such as the vielbein determinant, the depen- 
dence drops out. Alternatively, one can remove it by an additional Lorentz 
rotation accompanying the transport of the vielbein from the origin of the 
normal coordinates. Keeping it at intermediate stages provides a check on the 
calculation, but to simplify the algebra we will simply drop it. 

• We use the torsion and curvature constraints appropriate to the supergravity 
theory under consideration, in particular the fact that in R^bc i ^ ^^"^ 
must be both either spinorial or vectorial. 



• We write ^'^(2"^, 0; 0, y") = E'^{z"',y'^) = dz"'Ej{z,y) + dyf^ EJ^{z,y) and 



read off the normal coordinate expansion of the components from the coef- 
ficients of dz^ and dy^ . On the right-hand-side of the normal coordinate 
expansion we have in each term (aside from those proportional to Dy*-^) one 



with = dz"^ej^, the component (gravitational) vielbein. We thus have 



factor 



E^{z"',0) 




dz-e^5^ - dz^^tS"" = 



(2.17) 



E^{z, y) = E\z, 0)E/(z, y) + (D/)E/(z, y) 



(2.18) 



where 




E,^(z,0)Fc^(z,y) = F,-^-^,^F^^ 
Gp^{z,y) 



(2.19) 



Therefore we obtain 




(2.20) 
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where E/j^ is obtained directly as the coefficient of Dy^ while Ej^^ is obtained 
by substituting on the right-hand-side of the normal coordinate expansion 6^ 
and —ipb'^, respectively, wherever and —ipm'^ would appear. The expansion 
involves now only objects with (component) tangent space indices. We will 
generally drop the hat on E^. The superdeterminant itself is computed, in 
standard fashion: 

although sometimes it is simpler to evaluate it from sdeti? = exp(str \\iE). 

In the next section we consider, as a simple illustration of the procedure, the 
density formula for the two-dimensional (1, 0) system. 



3 Two-dimensional (1,0) Supergravity 

The (1, 0) supergravity case is the simplest to consider. The superspace is parametrized 
by two bosonic coordinates x"^ and one fermionic coordinate . We consider an 
action of the form 

S = J d^xdy+E-\x,y)C-^{x,y) (3.1) 

where / dy+y"^ = 1. We need the expansion of the vielbein and the lagrangian to 
first order in y^. For the latter we simply use 

£+(x,i/)=£+|+i/+(V+/:+|) (3.2) 

where the vertical bar | indicates as usual evaluation at y'^=0. In the expansion 
of the vielbein determinant, for terms linear in y^ we need to go up to the second 
variation of E^ (but keeping only one term, the one proportional to Dy^, from that 
variation). We have 

E^{x, y) = E\x, 0) + Dy^ + y+i?^T^/ + \y+Dy+T_,^^ (3.3) 



The supergravity constraints for the torsion that enter here are [|T3|, |T4[ T^^"^ = 
^id^, Tq^^ = 2i6Q'6^'^. (The complete set of constraints can be found in the 
Appendix.) Using Ej^\ = —ip^ we find then 

E^ = (e^ - 2ty+^p+)6^^ = 6^(5^, - 2ty+^p^5^^) 
= -iy^5p'^ 

V = V (3-4) 
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We obtain 

Therefore, the action in (|3.1|) is 

S = j (fxdy+e-^[l - iy+^^+] ■{C+\+ y+V+£+|) 
= J (fx e-^[\/+-iij^-^]C+\ 

which is the famihar density formula for this case |T3 . 



(3.5) 



(3.6) 



4 (1,1) Supergravity 



We turn now to the case of (1, 1) supergravity where superspace is parametrized by 
two spinorial coordinates, and y~ , in addition to the bosonic ones. We consider 
an action of the form 



S" = y (fxdy^dy^E ^{x,y)C{x,y) 



(4.1) 



We need the normal coordinate expansion to second order in y. The Lagrangian 
expanded to that order is 



Cix, y) = il + + y-V- + '^y-y^[V+, V-])C\ 
The relevant constraints are [ITSl, |l6l ITTI 



(4.2) 



2i 



2i 

-hR 



(4.3) 



We find for the expansion of the vielbein (actually, as discussed in section 2, E^) 



E,' 

E^ 

E^^ 
E~ 



5* - 22y+^,+ - ky+y-6*R 

-A'^ + ^2y~^*R - 0b*y^y-^+R - \y^y-i^^^R 

2il \ -R ~ i\ 



-ipb~ - iy^^iTR - 0fy^y'V-R - \y^y'^^-R 



-iy^5l 

\y^y-S+R 
\y^y~6~R 



(4.4) 



with R and Vq,-R evaluated at (x, 0). 
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From this we compute the superdeterminant and find 

= e^^i + iy^i^jf^ + w'i^^ - hv^y'R + y^y'ii't^i^=~ - '^=^i':\:~)] (4-5) 

The action (^4.1|) is therefore 

S = J (fxdy^dy^e~^[l + iy'^ip^ + iy~tp-~ — \y^y~R + y'^y~{'4)^ipS' — ipJ^ip^)] 

■ (1 + 1/+V+ + i/-V_ - y+y-V+V-)C\ 
= j (fx e-^[V+V_ + iip^^V- + + \R- - i)^^^')]C\ (4.6) 



which agrees with the result in 16 



5 (2, 0) Supergravity 

We move on to the case of (2,0) supergravity, with superspace parametrized by x™, 
as well as y^ , y"*". The action for this case is 

S = j d^xdy+dy^E-\x,y)C++{x,y) (5.1) 

Again, the Lagrangian is expanded to second order as 

£++(x, y) = {l + 1/+V+ + 1/+V+ + V[V+, V+])/:++| (5.2) 
The required torsions, from the appendix, are 

= 2t 

T+=+ = iG= , r+=+ = -iG= 

The vielbein components (for E) are: 

E^* = l-2t{y+^^^ +y+^^+) 

Ej = -2z(y+^/'.+ + y+^/j=^) - 2y+y+G= 

E^^ = 

E^= = 1 

E+* = -ty^ 

E^* = -ty^ 

E+= = 

E^= = 
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E^+ = - iy+G^ + iy^y^T.+ 

E=^ = -ip=^ + iy+G= - iy^y^T.+ 

Ep- = 5^ (5.3) 
We find for tlie superdeterminant 

E-^ = e-^ [1 - iy^iJt^ - iy^i^^^] (5.4) 
and tlierefore tlie action (B.!!) becomes 



(fxdy+dyj^e '^[1 — iy^ip^'^ — iy^ip-^] 

■ (1 + + y+v+ + 12/ V[v+, V+])/:- 

J (fx e-^{i[V+, V+] + z^/'^+V+ - ii)+V+}C++\ (5.5) 



wliicli is consistent with tlie density formula in |13 



We note for future reference, using |[V+, V_j_] = V+V4_ — iV:^ and evaluating 
at the origin of normal coordinates with V:|: = D:|: + ■i/'J V+ + ip^V ( the D:|: term 
gives a total derivative that we drop), that the action can be rewritten as 

S = J d^xdy+dy^e-^[V+-2i^+]V+C++\ (5.6) 

suggesting that the density formula could be obtained in a two-step process going 
through the intermediate stage of a "chiral" integral. We discuss this in the next 
section. 



6 A Chiral Decomposition in (2, 0) Supergravity 

In this section, we recover the last density formula in the previous section by going 
through an intermediate stage of rewriting the (2, 0) superspace integral as a dy+ 
integral of a "chiral" integrand. 

As discussed in section 2, instead of considering a normal coordinate expansion 
around the origin (z"*, 0, 0) in a direction parametrized by y~^ and y~^, we can consider 
an expansion in a single fermionic coordinate, with the origin {z"^,z~^,0), in the 
direction parametrized by y^. The expansion of the (2, 0) vielbein is similar to that 
in the (1,0) theory: 

E^{z, y^) = E^ + Dyh^ + y^^E^T^^^ + \y+Dy+T^^^ (6.1) 



11 



with the quantities on the right hand side evaluated at = 0. Note that in (2, 0) 
theory T| | ^ = 0. 

The analogue of (2.17) is E'-^ = dz^lE^^d^^ + E^'^d'?] where we have introduced 
roman letters to indicate collectively space-time and + spinor indices: m = (m, +), 
b = (6, +). We use a modification of the procedure explained in (2.17) and (2.18) 
by extracting from the full vielbein matrix a factor 

The entries in E^^ are the vielbein components evaluated at = 0. We have 
then (ellipses indicate irrelevant terms) 

E-i = sdet(^"^' + ^Q^"^'^^+' '^'^ (6.3) 

which equals 

sdetE^^ X sdet [6^^ + ?/+T,+^] (6.4) 

But the second superdeterminant is unity, c.f. (A. 3), and we simply obtain = 
sdeti?j^^. Consequently we have the reduction to a chiral density formula 

j (fxdy+dy^E-^C++= j d^xdy^E'^V ^C++\^-_^^^ (6.5) 

We proceed now to the next step in the reduction, using an expansion with 
respect to similar to the one above 



E\x, y+) = E^ + Dy^5: + y+E'^T^^^ + ]^y+Dy+T+^- (6.6) 



We find 



E-^ = e-sdet(^-2;^'^^ "^^^^ 

= e-^{l-2iy+i)+) (6.7) 

When this is substituted in the chiral integral, we recover the final expression in the 
previous section. 



7 Four-dimensional = 1 Supergravity 

As a final example we present the derivation of the density formula for this case. The 
same derivation will work for the density formula of (2, 2) supergravity in two di- 



mensions |]T0[. We will consider the case of minimal, = — 1/3 supergravity, but the 
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same method should work for any value of n. N = 1 superspace is parametrized by 
(x"*, Qi^, 9^) and corresponding covariant derivatives. The complete set of constraints 
defining the torsions and curvatures, is given in the Appendix. 

We will use the same approach as in section 6 for (2, 0) supergravity, namely 
reduce first the d^9 integral to a d^9 chiral integral, and then reduce the latter. In 
this manner, it is not necessary to use the normal coordinate expansion to fourth 
order, as a direct reduction would require, but only to second order. We consider 
therefore an expression of the form 



j d^xdW9E-^£ = J d^xd^9 J d^9E-^£ 



(7.1) 



and expand the integrand with respect to normal coordinates y°' around an origin 
with coordinates {z^,z'^,0). We split up the vielbein components Ej^ into com- 
ponents E^, E^, E^ and E^ where we use roman letters to indicate collectively 
space-time indices as well as undotted spinor indices, e.g. a = (a, a). 

We need the expansion to second order in y"^, and the following nonzero torsions 
and curvatures (see Appendix A) 



b 

7 
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b ^ iPP) 



ab 



.s^^ - -2R{Msa). 
where the Lorentz generator is 



T ^ 



R, 



{Mt). 



as; fi 



(7.2) 
(7.3) 

(7.4) 



(Torsions with an odd number of spinor indices vanish, as do, here, the curvatures 
with a vector or dotted spinor last index.) 



Once more we modify the discussion in section 2, extracting a factor E^^[ z"\ 



.J'(z™,z^o) 

with m = {m, fi) and b = {b,(3). (One has to pay some attention to minus signs 
when bringing ahead of spinors some spinorial components of E^). We compute 



E-^z"", z", 0; 0, 0, 7/") = E-^E- 



where 



E-'^ = sdet 



E " 



TP a 

E " 



(7.5) 



(7.6) 



and E ^ — sdetEs^, with 



irK-¥bfR -i^^ + irC.^5^R+ 



Ef!^ — 











(7.7) 
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where the elhpses indicate irrelevant terms. 
We find, evaluating the superdeterminant 

E-^ = E-^[l-fR] (7.8) 

where y"^ = \y'^ya- 

At the same time, the expansion of the lagrangian C is 

C=[l + y^V^ + VV5V^]/:|,-=o (7.9) 

and the action becomes 

S = j d^xd^eE-^C = J d'^xd^eE-\V^ + R)C\ . (7.10) 

E-^ is the measure of the chiral subspace. (One can verify in the n = — 1/3 theory 
that E~^ = 0^ where is the superconformal compensator.) 

The same procedure can be applied to the next step. The coordinate restriction 
is now the antichiral one 

z'^ = 0, (i/",y") = (7.11) 

We first need to evaluate E^^ , now treated as a function of the new and y^. 
We can use the result of the previous calculation by: (1) replacing { \l.7\ ) with the 
hermitian conjugate (effectively just switching dotted and undotted indices), and 
(2) deleting the second row and column before taking the superdeterminant, so we 
get the contribution to the smaller superdeterminant of (|7.6|) . The result is 

= e'i[l - - y\3R + ^C^^V-aa^^^^g/^)] (7.12) 

Comparing to ( [7.5|) we identify the new E^'^ as = det 6^," and the rest as the 
new E~^. The expansion of the Lagrangian is similar to the previous case (just 
switching y —>■ y), giving the final result 

S = Jd^x d^e E-^C = J d^x e-ip2(v2 + R)C\ = I d^x e'^V^C] (7.13) 

where we have defined a superdifferential operator, the "chiral density projector" 
which (for the present case of old minimal supergravity) takes the form 

p2 ^ + + 3R+ Ic^^V'aa^"^'/^/^ (7.14) 

and the general density projector = V'^(V^ + R). We could use instead the com- 
plex conjugate = P^(V^ + -R), which differs only by a total space-time derivative. 
The final result is the standard density formula for minimal four- dimensional = 1 
supergravity. 
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8 Conclusions 



The normal coordinate procedure we have used in this paper for deriving the density 
formula is straightforward and can be applied to any supergravity theory. Although 
straightforward, it is not necessarily the most economical way for obtaining the 
component supergravity-matter action; one has to go through the two stages of 
first computing the vielbein, and then the superdeterminant, and algebraically this 
can be quite complicated. Obviously, in any specific case, or even in general, some 
short-cut or particular trick may be preferable. However, we feel that in principle 
one should have an unambiguous, and extra-assumption-free procedure for deriving 
the result, relying on nothing more than the general properties of superspace. We 
believe the normal coordinate expansion provides the appropriate technique. 

We conclude with the following remark. In ref. |^, section 5.6.b, a closely related 
technique for obtaining ^ = components of covariant derivative was developed. It 
also allows one, in principle, to extract from these components an expansion for the 
vielbein. However, we believe that the normal coordinate expansion we have used 
in this paper is more systematic and simpler. 

A Appendix: Supergravity Constraints 

We list here our conventions and the constraints for the supergravity theories dis- 
cussed in the main text. In general we follow the conventions used in 0. The 
constraints for the various cases are listed below. 

(1,0) Supergravity: 



{V+,V+} = 2zV, , [V+,V=] 
{V+,V,} = , [V„V=] 



S+V+ + RM 




where R = 2V+S+. 

(1,1) Supergravity: 



{V+,V+} 
{V+,V-} 
[V+,V=] 



2zV^ , {V_,V_} 
RM 

z(V_i?)M+ ii?V_ 



2ZV: 



[V 



V^] = i{V+R)M - fi?V 



+ 




(2,0) Supergravity: 



{V+,V+} 







{V+,V+} = 
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{V+,V+} = 2zV^ (A.3) 

[V+,V=] = iG^V+-2i{V+G^)M 

[V+,V.] = -iG'.V+ + 2i(V+G'.)M 

[V„V=] = (V+G=)V+-(V+G=)V++([V+,V+]G=)M 



(2,2) Supergravity: 



{V+,V+} = 2zV^ , {V_,V-} = 2^V= 

{V+,V_} = -RM , {V+,V^} = i?M 

[V+,V=] = -iRV^-i{V^R)M 

[V+,V.] = fi?V_ +i(V_i?)M 

[V_,V^] = ti?V+ - i(V+i?)M 

[V^,V,] = -|i?V+ + z(V+i?)M (A.4) 



N=l Four-Dimensional Supergravity: 

{Va,V^} = -2^M„^ , {Va,Va} = iVad (A.5) 
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